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Several authors have investigated the properties of the solutions of differential equations
of the form o0

Z(t) = — S z(t —s)dKo(t, s) ()
o0 0 (o]

T (t) = — S z (t —s) dKq (2, 8) — Sﬁz (t —s)dK2(t, 5) (2
0 0

Here and below the symbol dA( (¢, 8) denotes the differential with respect to the
second argument, Attention has been largely confined to the case of concentrated lag,
i.e, to step functions X; (¢, 8) . The general case of lag diswibuted over a finite inter-
val [0,8(%)] was first investigated by Myshkis [1].

Stability conditions for the solutions of differential equations of this type were obtained
in [2] under the assumption that the kernels X depend only on 8 ,i.e, that A (£,8)=
ZX,(9) and that the variation of the functions A;(8) in [0, ©) is bounded,

The present paper concerns the stability conditions for trivial solutions of equations of
the form (1) and (2) .

We assumne that the functions X (T, 8) satisfy the following requirement of bounded
variation with respect to 8 : %

sup, S |dK,; (2, )| << const < oo 0t << o) 3
0

The solution x(Z) of Eq, (1) (Eq. (2)) for £ >0 is determined by the function ¢ (%)

(the function Y (%)) specified on (=, 0],

2y =0 (), t<0 @

(z () =), () =9 (1), £<0) ®)

Definition, The solution X1 (Z) of problem (1), (4) (the solution Xg(%) of prob-
lem (2), (5)) will be called "stable” if for any € >0 there exists a O(€) >0 such that

lz; ()| <& for t>0 (lz2 ()] < e for t > 0)
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as soon as
191l = suPagyl® @)1 < B (e) (I lla= suPego (@ ©)| + ¥ (©) ) <8 (&)

If, furthermore, Xy ( £)-0 as £—+>,% =1, 2, then the solution will be termed
"asymptotically stable”,

The general theorems of Liapunov's second method as applied to equations with infi-
nite lag can be verified by repeating verbatim the proofs of the corresponding theorems
for the case of finite lag, A similar remark was already made in [3], For this reason we
shall set down without proof a theorem which is a generalization of Theorem 31, 3 of
[4] and is necessary in our investigation, Let us consider Eq,

(@) =F(z(t+0),1 (6)
defined on the 77, -dimensional space X ,where F(x(8), ¢) for fixed ¢ is a continuous
functional defined on the functions X(8) of the argument 6 varying in the range
-~ <0 < 0 ; for fixed Xx(0) the function F(x(0), £) is continuous with respect to .

Let us assume that 7(¢p, £)= 0 for =0, and that

[F(2(8), 1) — F(y@), )| S Lz —y| = Lsupygy D) |7, (8) =y, (8)]
i=1

The symbol d [//dt will be used to represent
lim ——Ai—t[V(:c(t—}—O—}— At), t+ At)—V (z (¢ 6), 1)]
At—10

where x(%) is a solution of system (6),
Theorem 1 The trivial solution of Eq, (6) is asymptotically stable if there exists
a continuous functional V/(¢x(6), t) which satisfies the estimates

Viz®), ) SWi(z(0)]) + Wy (ll z (0) 1), Wy (0) = W,y (0) =0 7
V(z(®), ty>e(=zO)]) 12 (0)] = (24 (O)) (8)

dv/dt << — f(lz(0)]) 9)
Here the continuous functions #;(7*), Wg(7") are monotonous for 7= 0, while the
continuous functions W(7*) and f(7*) are positive for 7 >0,
Note, The uivial solution of Eq, (6) is stable if conditions (7) and (8) of the above
Theorem are fulfilled and of the following condition is fulfilled instead of condition (9):

av/dt<<0 (10)

Theorem 2, Let the kernel A4(%,8) experience a jump of magnitude A, (¢, 0)
at zero, and let this jump satisfy the condition
[o.0] oo

inf, [2Ko (1, 0)— § 1aKo(t, 5)] — {1ams e 91]>0 >0 an
+o +o
The trivial solution of problem (1), (6) is then asymptotically stable if
oo t
sup; S S |dKy(t+s, 8)|dr C <L oo
+0t—s

Proof . Let us consider the functional

oo ¢
V(zr(t49), t) =2(t) S S |dKq (¥ + 5, 8)| 22 (1) dv (12)
+0t—s
The derivative of this functional with respect to £ along the -trajectory of system(1)is
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v (z (£ --8) *1) v ¢
R ey [2[(.,0, 0)—5 | dKo (2, 8)} — S |dKqo(t+ s, s);]
fo Yo

By virtue of Theorem 1, this fact together with (11) and (12) proves Theorem 2,
Corollary, Theorem 2 remains valid if we replace condition (11) by

inf, Ko, 0)> S sup, 1dKo(t, 5)| (t>0)
Let us set . To
1
Ki] (t \) == (SldK (t T) l—(-—-—i)’K{ (t S)) (]-:: 1,2)
(]
Then
Ki(t,8) = Ky (t, ) — Ky (8, 5) i =0,1,2) 13)

Here K j(¢, 8) increase monotonously with respect to & for each fixed value of
£ >0, Here we assume that A3 (£,8)=0 for £ <0.

On the basis of {13) Eqs, (1) and (2) can be rewritten as

(o] o0
#)=—(rt—nakat, 9+ (st —ndkat s  FO=y0 (14)
0 1}

y (1) = — S y(t—s)dKu(t, s)+ S y(t—s)dKs(t, s)—
0 0

o0

oo
— (et —ndkn, 0+ (s —9dkut, 9 (15)
Q0 0
Theorem 3, Let the conditions
o i
sup, | S dKn(t s adr1<l (> 0) e
0 tss
oG o 2
inf, H dKo (L4 5, 8) — S dKoa(t, 5) —2 S Koy (2 + 5, 8) —
o 0 o
oo

o
-—-—( d!\rog (l‘»—l— s, 5) SUP'S dK02 (t) S)"‘“
0 0

[

(=]
sdKp (L + s, s) suplS dKp (2, s)-l>0 {t>=>0
0
be fulfilled,

Then the trivial solution of problem (1), (4) is asymptotically stable provided that
oo
)
t

t oo
ﬂ dK o3 (T1 -5, 5)dTy < ¢ S
fog - ]

Oty

t H
§ akon v s0, sy v § ds (o, ) dvr S o oo

&

t

o._/:S

!
( dkairts nav<e (17)
{8

Proof, Let us consider the functional

Vix(t+40), 1) =a2(1) [1 —

L
| i

dKg (T4, 5) clr] +
{—s -

H
{ e —s@paka s nar s
{2z

o:/‘ag
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i
AK- (T + 51, 51) dv S [z (T) — (11 — 5)]2 dTs dKn (T, 5) -

+

o8 ce g
lo_/‘;m

®

¢

de ( -+ 81, 81) dt S [z(t)+= (11 —9jFdn Koz (T3, 5) -+

| ey e

+

LB ey

-

81

K

[2 (1) — 2 (T — )P dKoa (T, 5) + 2 S
0

w t
#iie
0 1—

oo t
Rk
0t
The derivative of functional (18) with respect to ¢ satisfies the inequality
o«

22(1)dKos (T + 8, 5)dv -+

8

| ey

t

-~
| ey
@«

+
I 3]

co
S 2 ('5'1) dKo (14 8, 8) dty sap, S dKos (2, s) +
T 0

~

S
o
#(m)dKa (11 +5, ) dusep, { dKn(t,5)  ((20) (19
:

-N/‘b"

8

dv (2 (t4-0), ¢ ¢ ' \
__....____._(”(dj ). 1) Sx’(t——s)[dl{o(t, s)|t1-5 Sde(r+sL S:)df]—
0 0 t—s, ’

— 22 [ogo dKo (t 1+ 5, 8) — S dKon (2, 5) — 2
b

dKog(l =+ 3, S) —

Ot~

[~

o«
(t>0)

S sdKoy (t + s, 8) (qup‘ S dKg (t, s)—i—-suptoSOdKo, (t, s))]

@

along the trajectories of system ( 15) .
By virtue of Theorem 1, conditions (16), (17) of Theorem 3 and (18) imply the vali-

dity of Theorem 3,
Theorem 4, Let the kemnel A3(%,8) of Eq. (15) have a jump of magnitude

K1 (t, 0) at zero and let the conditions

inf, S aKy(t, 5)>0 (t>0) (19)

0
sup, i [csodxg (t + At, 5) —°§ dKs(t, s)] <0 (20)
0

0
t
S dt|dKa (T + 5, x)l]}ﬁ @1)

o o0 oQ
§s[dK2(t, s}§—§t s

inf, [zx,, {t 0)—2 S }dK;(t s)] —
+0

be fulfilled,
Then the trivial solution of problem (2),(5) is asymptotically stable if

o

S S [y (T+5, 8)|dT <C < oo

40 t—s
o t
{ (ae§iamym nen<e (=12
0 t—s

i
S tt—1)|dKa(T +5, 5) | dv <C
—

ce~8

8
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Proof, Let us introduce the functional
co
Vo, v, = {1t 9@t

0o ¢ ¢ +0f—8

+§ § e (v —v@rdndku, o+

o« t ¢ 0 tms T o t t
+{ (S vmrvamramaknm o+ § e o aia (vaen +
0 t—s T 0 t—s T
+r0+20 e ) (22
We have ¢ ©
av/dt < — (1) [2Kn(t. 0) —2 S [dEL(t, 5) | —
[==3 oo ¢ +o
—Ss;dx,(t, 9| —S S dt|dKa(x + s, s)i]—{-
] 0 1—s

o

+ 72 (1) AE&(} [§ dKy (1 + At, 5} — cSd}{2 {t, s)]

By virtue of Theorem 1, this together with the conditions of Theorem 4 and (22) im-
plies the validity of Theorem 4,

The devices used in constructing functionals (18) and (22) make it possible to obtain
the stability conditions for the solutions of Eq, (2) in the general case (i, e, in the case
of kernels without jumps) with the aid of simple but cumbersome computations,

Example 1, The system

W =—a@®z®)FbW)z(—1 (t>0)
is asymptotically stable by virtue of Theorem 2, provided that
infy a (£) > sup; b (1) | (t>0)
Example 2, The system
() =a()z () —b{)z(t — ) (a (>0, b@® >0, 1>0)

is asymptotically stable by virtue of Theorem 3 if
t

sup, S b(v +s)ds < 1 (t>0)

—<

inf, b (t) > sup, (3a (t) + tb (L + t)sup,a (1) + tb (¢ 4 7)sup, b (1)

The author is grateful to R, Z, Khas'minskii for formulating the problem and for his

interest in the present study,
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