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Several authors have investigated the properties of the solutions of differential equations 

of the form m 
2’ (t) = - 

s 
I (t -s) dK,, (t, 8) (1) 

m 0 m 

z”(t) = - 
s 

z’(t-s) dK,(t, s) - 
s 

$t -s)dKz(t, s) (2) 

0 0 

Here and below the symbol dKi (ti , s ) denotes the differential with respect to the 
second argument. Attention has been largely confined to the case of concentrated lag, 
i. e. to step functions !fi ( $, S) . The general case of lag distributed over a finite inter- 

val [O, S ( $) ] was first investigated by Myshkis p] . 
Stability conditions for the solutions of differential equations of this type were obtained 

in @] under the assumption that the kernels Kt depend only on s , i.e. that Ki ( t , S) s 
EKi (S ) and that the variation of the functions Ki (S ) in [0, a) is bounded. 

The present paper concerns the stability conditions for trivial solutions of equations of 
the form (1) and (2) . 

We assume that the functions Ki ($ , s ) satisfy the following requirement of bounded 
variation with respect to s : ~0 

SUpl 
s 

1 dKi (t, S) 1 < CO& < 00 (Odt<m) (3) 

0 

The solution X( $) of Eq. (1) (Eq. (2)) for 8 > 0 is determined by the function cp ( 6) 
(the function $ ( fi)) specified on (- 0~. 01, 

I :t) = cp (t), t<o (4) 

(z (t) = $(t), 2’ (t) = Q’ (t), t < 0) (5) 

Definition. The solution x1( 6) of problem (l), (4) (the solution X3( ti ) of prob- 
lem (2). (5)) will be called “stable” if for any C > 0 there exists a 6( 8) > 0 such that 

I xl (1) I < F for t > 0 (I %! (t) I < E for t>O) 
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as soon as 

IIV 111 = suP,<&J (6) I < 8 (8) (II$ IIn= sup,<s (I cp (6) I + IO’ (0) I) <d (4) 
If, furthermore, Xi ( t) - 0 as t -03 , & = 1, 2, then the solution will be termed 

“asymptotically stable”. 
The general theorems of Liapunov’s second method as applied to equations with infi- 

nite lag can be verified by repeating verbatim the proofs of the corresponding theorems 

for the case of finite lag. A similar remark was already made in 131. For this reason we 
shall set down without proof a theorem which is a generalization of Theorem 31.3 of 

[4] and is necessary in our investigation. Let us consider Eq. 

L-C’ (t) = F (z (t + e), t) (6) 

defined on the n-dimensional space ED , where F(X( 6 ). 6) for fixed 6 is a continuous 
functional defined on the functions x( 8 ) of the argument 8 varying in the range 

-03 c 8 s 0 ; for fixed X( 8 ) the function J’(x( 8 ) , .$) is continuous with respect to t . 
Let us assume that F(cp. 6) I 0 for CpzO, and that 

IF(x(6), i)--Ft~@), ~)~~~U~-YII=~~~P~<~ f; I2;(~k~,(fJ)l 
i=l 

The symbol d v/de wilI be used to represent 

.f& At i [I’ (z (t + 0 + At), t + At) -I’ (r (t + 6) t)] 

where x( 5) is a solution of system (6). 

The ore m 1 The trivial solution of Eq. (6) is asymptotically stable if there exists 
a continuous functional V@(B ) , 6 ) which satisfies the estimates 

p (z (6), 0 Q W, (I 2 (6) I) + w2 (II z ((3 II), w, (0) = w, (0) = 0 (7) 

p (5 ((8, t) > 0 (I 1: (O)l )t I z (0) I = (W (W’ (8) 

dv / dt < - f (I z (0) I) (9) 
Here the continuous functions & (7) , h&( 7) are monotonous for r 2 0 , while the 

continuous functions UJ( 7”) and f( 7”) are positive for r > 0 . 
Note. The trivial solution of Eq. (6) is stable if conditions (7) and (8) of the above 

Theorem are fulfilled and of the following condition is fulfilled instead of condition (9) : 

dvldt<O (10) 

Theorem 2. Let the kernel &,( t , s) experience a jump of magnitude xo( 6, 0) 

at zero, and let this jump satisfy the condition 
co 

inft 
[ 
2Ko (t, 0) - 

s I dKo (t, s) I - (t > 0) (if) 

+o 
5 IdKo(t+*, s)l]>O 
+a 

The trivial solution of problem (1). (6) is then asymptotically stable if 
00 t 

aupt s s 
IdKo(~+s, s)IdrGC<w 

+o t--s 

Proof. Let us consider the functional 

I’(z(r+B), t)=z’(t)+ 5 i IdKo(?+s, a)lz*(r)d’~ (12) 

+o L-8 

The derivative of this functional with respect to t along the trajectory of system(l) is 



By virtue of Theorem 1, this fact together with (11) and (12) proves Theorem 2, 

C or o 11 a r y . Theorem 2 remains valid if we replace condition (11) by 
M 

inft G(k q> 1 supi 1~~~~~~ s> I (12 01 

Let us set 4-O 
i 

I$ (l, 8) = -7j- (i,dKi(L, q I-(--l)iK*(t, s)) (i = 1,2) 
0 

Then 
xi CG 8) = xi, 0, 4 - Ki, (6 4 /i .. 5 0,1, 2) (13) 

Here Kif ( $, s) increase monotonously with respect to s for each fixed value of 

$>O. He~eweassumethat~~j(8,s)r0 fortc0, 
On the basis of (13) Eqs. (1) and (2) can be rewritten as 

- 

s 
x(t--SfdK21ft, m)+~~(i-+K22& s) 

0 0 

Theorem 3, Let the conditions 

be fulfilled. 
Then the trivial solution of problem (I), (4) is asymptotically stable provided that 
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+f3 E 
f 

dK-7 (T + SI, 81) dz 
s 

[L (t) -z (q - s)]2 dzl dKo, (rl, s) -I- 
0 0 f& + 

CQm t 

+ 1 1 1 d&l (z + sl, sl) dz i 1~ (7) + 2 h - s)12 drl dKopr (r,, s) -:- 
0 0 t--s* + 

co t 

- s)l’ dKoz (z, s) + 2 $ s z2 (r) dKoa (z + s, 8) do + 
0 t-s 0 i-s 

co 

+ 5 1 d? i z+ (~1) ~KOI PI+ s, 8) dzl sup, 1 dKoz (t, s) t 

Of--s 5 0 

The derivative of functional (18) with respect to 6 satisfies the inequality 

dlT(x(t+O), t) ’ 
dt B- s 

dKc,l (z + ~1, sz) dz - 
0 

se@--s)ldKo(t, s)+-1 f 

0 t--s, 
1 

03 

-z%(t) ydK.&+s,s)- s 
co 

[ 
dKoz (t, s) - 2 dF&(t+s, s)- 

s 
0 0 0 

co co co 

- 

s 
s dKol (t + s, s) sup, dKo1 (t, 8) + supt S dKos (6 2) (t > 0) 

0 ( S 
0 0 

along the trajectories of system (15). 
By virtue of Theorem 1, conditions (16), (17) of Theorem 3 and (18) imply the vali- 

dity of Theorem 3. 

Theorem 4. Let the kernel Kk ( 6, s) of Eq. (15) have a jump of magnitude 
Ku (ti, 0) at zero and let the conditions 

Co 

inft dK,(t, s)>O S (t>O) (19) 
0 

co 

d&Kaft+At, sl-~dK&,s) 60 (20) 

1 tdfCa@, s)/-&jdg,(t, s),:f \ drIdKs(t+s, r)l],O (21) 
+‘o 0 0 f-8 

be fulfilled. 

Then the trivial solution of problem (P), (5) is asymptotically stable if 
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P r 0 0 f. Let us introduce the functional 

V(XQf6), y(l+B), 8) = 5 s IdRi(~+s, s)I!/~(r)dr+ 

+ 7 i c&T s [Y(T) 

+ot--s 

- Y (%)I2 d% dKal(zl, 4 + 
cc t t 0 t-s I 

+ 5 
co t 

5 dr 5 IV (7) + y tWl*dn dlYpa @lr 8) + s $ f dKa (z + s, s) ] dt i y” (71) drr + 
0 I-9 7 0 1-s -C 

+ 9 (9 -+ x2 Cr) s d& @, s) (22) 

We have 
0 

dV/dt < - y2 (t) 
L 

2&1 (t. 0) -2 5 ,d&(t. 8)1- 

00 mt 4-O 

- sjd&(t, s)i - 
s ss 

dzld&(T+s, 41 + 
0 0 1-S 

I 

+ za (0 Al=o [I df$ (t + At, S) - y d& 6 s)] 

0 0 

By virtue of Theorem 1, this together with the conditions of Theorem 4 and (22) im- 
plies the validity of Theorem 4. 

The devices used in constructing functionals (18) and (22) make it possible to obtain 

the stability conditions for the solutions of Eq. (4) in the general case (i.e. in the case 
of kernels without jumps) with the aid of simple but cumbersome computations. 

Example 1. Thesystem 
5’ (i) = - (I (t) z (t) + 6 (1) 2: (t - z) (r > S) 

is asymptotically stable by virtue of Theorem 2, provided that 

inft Q (t) > supt lb (1) I 0 > 0) 

Example 2. The system 

2’ (t) = a (t) z (f) - b (t) x (t - z) (a (f) > 0, b (f) > 0, z > 0) 

is asymptotically stable by virtue of Theorem 3 if 
t 

s”Pf s 
6 (z + s) ds < 1 (t)/(l) 

inf, b(t) > sup, (3a &‘i_ ~6 (1 + t) supt a (t) + rb (t + ~)sup, b(t)) 

The author is grateful to R. Z. Khas’mi~kii for formulat~g the problem and for his 
interest in the present study. 
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